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Realistic confidence intervals are hard to get 
!

What do we mean by “confidence interval” ? 

How can we estimate them ?  
short-term variations: ok 
long-term variations: some ideas 
!

What do they tell us about the underlying physics ?
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Outline



4th$sunspot$workshop$/$Locarno$/$05/2014

TSI measurements agree on variability,  
but not on absolute value
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Example : Total Solar Irradiance 
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Scientists disagree on the level of uncertainty !
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Example : Total Solar Irradiance 
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Here 

!

Different contributions 
random fluctuations in the emergence of sunspots (Poisson) 
errors in counting the number of sunspots (~Gamma) 
averaging over various observers (~Gaussian) 
discretisation error (uniform) 
systematic errors 
etc.
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Different uncertainties

confidence interval = degree of belief (≠ error)
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!

We may expect the uncertainties to be some mix  
 

!

!

!

!

!

What do they tell us about the data ? 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Different uncertainties

Poisson GaussObserved SSN True SSN

SSN
obs

= SSN
true

+ ↵P(SSN
true

) + N (µ,�2)

residual error
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How do we estimate these $!@##! 
uncertainties ?
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Several approaches for determining uncertainties 
!

1. Take daily differences 
2. Use power spectral density 
3. Use another proxy 
4. Model the dynamics of the SSN 
5. …
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Estimating uncertainties
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Assume fluctuations = white noise, and that the SSN is 
band-limited  
➞  consider day-to-day differences as “noise”
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Estimating uncertainties (1)

Variations in Monthly RI 
Plotting the RMS variation of the 13 monthly values in the 13-month 
running mean of RI since 1749 shows a good fit (albeit with substantial 
scatter) to 2.1 ¥RI . 

see$talk$by$David$

Hathaway
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Assume fluctuations = white noise, and that the SSN is 
band-limited  
➞ look for noise floor in power spectral density
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Estimating uncertainties (2)
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Use other proxies to reconstruct the SSN and look at
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Estimating uncertainties (3)

residual error =  SSN  -  proxy fit
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Example : multiscale reconstruction of the SSN with a 
linear combination of four radio fluxes (8, 10.7, 15, 30 
cm)
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Estimating uncertainties (3)
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We use a more pragmatic definition
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Estimating uncertainties (4)

Residual error = amount by which today’s 
SSN departs from the value predicted by 

dynamical system model of the SSN  
(using past observations)
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We describe the dynamics of the SSN by using a linear 
autoregressive (AR) model 
!

!

!

!

Various criteria indicate that the optimal model order is 
p = 6 - 16 
Beware 

this model has assumptions: linearity, stationarity, … which are 
not verified 
there are better models around: NARMA, etc.
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Estimating uncertainties (4)

SSN [k + 1] = a0SSN [k] + a1SSN [k � 1] + · · ·+ apSSN [k � p] + ✏[k + 1]

residual error

tomorrow’s value today’s value
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Typically, we find for an 6th order model
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AR model

SSN [k + 1] = 0.9370 SSN [k]
+ 0.0553 SSN [k � 1]
� 0.0140 SSN [k � 2]
� 0.0019 SSN [k � 3]
� 0.0183 SSN [k � 4]
� 0.0150 SSN [k � 5]
+ 0.0510 SSN [k � 6]
+ ✏[k + 1]
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From these coefficients, we can estimate the power 
spectral density

16

AR model
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Residual error from 16th order AR model, applied to ISN 
(excerpt)
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Residuals from the AR model
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Residual error from 16th order model, applied to ISN
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Residuals from the AR model
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Residual errors are non-stationary 
(heteroscedastic) and non-Gaussian: beware!
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cycle-dependent : smaller for recent cycles 
scales approximately as                        ➞ Poisson-like 
same for group sunspot number 
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Residuals from the AR model
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It is essential to stabilize the  
variance in order to be able to  
proceed ➞ make residual  
errors stationary in time 

!

Apply the Anscombe transform : If SSN is a mix of 
Poisson + Gaussian random variables 
 
 
then 
 
 
behaves like a Gaussian variable with  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Variance stabiliation
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Interpretation of the Anscombe transform : if we replace 
the SSN by 
 
 
 
Then the new sunspot number will have a constant and 
unit variance ➞ SSN* is now stationary and Gaussian!
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Variance stabilisation

SSN⇤ = 2

r
SSN

2.3
+

3

8

Thanks to the Anscombe transform, all 
classical analysis tools can again be used

The Anscombe transform tells us that SSN/2.3 
(and not SSN) behaves like a Poisson process
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The variance has now been stabilized
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Variance stabilisation
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!

!

!

!

!

!

!

!

Key questions 
How do the GSN and SSN compare ? 
What does the relative contribution of Poisson/Gaussian 
fluctuations tell us ? 
Can we estimate them ?
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Variance stabilisation
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The errors on the GSN and SSN evolve in different ways 
the error on the GSN is not as small as expected  
(averaging effect ?) 
data collection effects are important
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GSN versus SSN
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Rough estimate of the amplification factor α and the 
additional error σ 
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What are the best parameters ?
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Intermediate conclusion
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The uncertainties on the SSN are not stationary in time 
most linear regressions with the SSN are flawed because they give 
too much weight to large values 
use the Anscombe transform to stabilize the variance 

27

Intermediate conclusion
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The uncertainties on the SSN are not stationary in time 
most linear regressions with the SSN are flawed because they give 
too much weight to large values 
use the Anscombe transform to stabilize the variance 
 
 

The Anscombe has several advantages 
the SSN behaves like a mix of Poisson and Gaussian processes 

!

we now have a sound estimate for the confidence intervals 
these coefficients change over time

28

Intermediate conclusion

SSN ⇡ 2.3 P(SSNtrue) +N (0,�2 ⇡ 25)
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What flaws ?
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What is the ratio between two observers ?

30

Flaws in linear regression: example
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The same, with error confidence intervals for both
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Flaws in linear regression: example
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Probability distributions of the slope c differ because the 
second model includes uncertainties on the observations
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Flaws in linear regression: example
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What about long time scales ?
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Uncertainties for long time scales are challenging ! 
!

But there are some sanity checks 
use the Butterfly diagram

34

Long time scales
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The number of sunspots AND their location are crucial 
for understanding the variability of the dynamo (and the 
SSN)
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Butterfly  diagram

sunspot$number

sunspot$loca:on
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Most of the dynamics is captured by 2 degrees of freedom 
➝ “high latitude” mode & “low latitude” mode
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Butterfly  diagram
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The latitudinal distribution of the 2 modes
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Butterfly  diagram
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Sanity check: Reconstruction of the butterfly diagram 
with 2 modes
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Plot mode 1 versus mode 2 (“phase space plot”) 
= very condensed representation
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Butterfly  diagram
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What the phase space actually looks like
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Butterfly  diagram

0 0.5 1 1.5 2 2.5 3 3.5
0

0.5

1

1.5

2

2.5

3

3.5

1875

1876
1877

1878

1879 1880

1881

1882

1883

1884

1885

1886

18871887

1888

1889

1890

1891

1892

1893
1894

18951896

1897

1898

1899

1900

1901
1902

1903

1904

19051906

1907
19081909

1910

1911

1912

1913

1914

1915

1916

1917

19181919

1920

1920

1921

1922

1923
1924

1925

1926

1927

1928

1929

1930

1931

1932

1933

1934

1935

1936

1937

1938

1939
1940

1941

1942

1943

1944

1945
1946

1947

1948

1949

1950

1951

1952

1953

1954

1954

1955

1956

1957

1958

1959

1960
1961

1962

1963

1964
1965

1966
1967

1968

1969

1970

19711972

1973
1974

1975
1976

1977

1978

1979

1980

1981

1982

1983

1984

1985

1986

1987

1987

1988

1989

1990

1991

1992

1993

1994

1995

1996

1997 1998

1999

2000

2001

2002
2003

2004

2005

2006

2007

2008

2009 2010

2011

2012

2013

2014*

sqrt(high latitude mode)

sq
rt(

lo
w

 la
tit

ud
e 

m
od

e)

1

10

50

100

150

high$la:tude$mode

lo
w
$la
:t
ud

e$
m
od

e

Two solar cycles 
are similar if their 

trajectories 
overlap here 



4th$sunspot$workshop$/$Locarno$/$05/2014
41

Butterfly  diagram
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similar to the one of 

1878-1888, not only in 
SSN, but ALSO in 

latitudinal distribution
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Now extend this approach backward in time, using the 
data from from Schwabe [courtesy Rainer Arlt]
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Sanity check
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Butterfly diagram: Greenwich + Schwabe
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Sanity check
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Schwabe’s orbits completely differ from the ones from 
Greenwich = very unlikely to be due to the Sun
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Sanity check
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The phase space representation offers lots of 
interesting directions to explore 

most of the Butterfly diagram captured by just 2 proxies 
criteria for predicting the shape and amplitude of the solar cycle 
gives robust criteria for defining the onset of a cycle 
and much more… 
!

Reveals biases in the Butterfly diagram, which are not 
readily visible by eye. 

Most likely multiple counting of the same active regions
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Conclusions
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Confidence intervals are essential 
for doing proper statistics 
for giving deeper insight into the processing of the data
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Overall conclusions


